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Abstract. An analysis is reported on the channel e+e ---~ #+#-(n3'), n=l,2.., using data taken with the DELPHI detector at LEP from 1990 to 1992. Differential cross sections of the radiative photons as a function of photon energy and of the angle between the photon and the muon are presented. No significant deviations from expectations are observed. The data are also used to extract the muon-pair cross section and asymmetry below the Z ~ peak by using those events with relatively hard initial state radiative photon(s). The measured cross section and asymmetry show no significant deviation from the Standard Model expectations. These results together with the DELPHI cross section and asymmetry measurements at the LEP energies from the 1990 to 1992 running periods are used to determine limits on the Z~ ' gauge boson mixing angle 0z, and on the Z ~ mass. There is no indication of the existence of a Z'; the limits obtained on the mixing angle substantially improve upon existing limits. The 95% confidence level allowed ranges of 0z, in various models are: -0.0070 <_ 0z, < 0. 
Introduction
After several years of successful LEP operation with rising statistics, there is excellent agreement between the data and Standard Model (SM) predictions in the energy region of the Z ~ However, previous experiments at LEP have not rigorously tested SM expectations away from the Z ~ pole. These predictions depend upon the precise understanding of the large effects of electromagnetic radiative corrections.
In this paper experimental results from studies of photons produced in e+e -~ #+#-interactions at LEP energies are used to check our knowledge of electromagnetic radiative corrections and to probe cross sections and asymmetries in the unexplored energy region between LEP and TRISTAN, and indeed all the way down to PETRA energies.
Investigations in the unexplored energy region are encouraged by the reported e+e -~ #+#-cross section measurement which is 2or lower than the SM prediction at TRIS-TAN (v ~ ,-~ 60'GeV l) [1] . Measurable deviations in the e+e ---~ ff cross section in this energy region are predicted 1 Natural units are used throughout with h = c = 1, both in specifying units and in formulae by several models beyond the SM that introduce a hypothetical additional Z' boson. This paper is organised as follows. Section 2 provides the theoretical background to this study. In Sect. 3 radiative e+e ---+ #+#-events, where the photons are detected in the electromagnetic calorimeters, are considered. Measurements of the angular and energy spectra of these predominantly final state photons are presented and a comparison with the theoretical predictions is made. Section 4 deals with events with mainly initial state photons, which are not detected in the electromagnetic calorimeters. These measurements test our understanding of initial state radiation and allow the underlying Born cross section and asymmetry to be measured at reduced effective centre-of-mass energies. Section 5 uses the cross section measurements below the Z ~ pole, together with the DELPHI measurements of hadronic cross sections and leptonic cross sections and asymmetries at LEP energies, to obtain limits on the parameters of additional Z' gauge bosons in several models. Finally, Sect. 6 provides a summary and conclusions.
Theoretical formalism
Electromagnetic radiative corrections to the interaction e § ---ff distort the Born-level cross section at energies around the Z ~ pole, so that the cross sections measured by the experiments at LEP [2] [3] [4] [5] are substantially different from the Born-level formula.
Most of the effects (see [6] ) for a detailed review and compilation of references) can be understood to arise from initial state radiation, after which the effective annihilation energy of the e+e -is less than the overall centre-of-mass energy V~. Because the Born cross section varies rapidly across the Z ~ pole, the resulting changes in the cross section are large and need to be understood very precisely in order that the underlying electroweak physics can be studied.
The cross section for e+e ---+ #+#-has contributions from direct Z ~ and photon terms and "7 -Z ~ interference. Radiative corrections can be conveniently divided into the following components :
(i) Emission of real photons from the incident and/or final state fermions. (ii) Corrections to the Z ~ and "7 propagators. These consist of loop diagrams involving any particles which couple to these bosons. (iii) Vertex corrections. These involve virtual photons as well as any other particles which couple to the initial or final state fermions. (iv) Box diagrams, involving the exchange of two bosons (7,Z~ At the present level of precision, the box diagrams can be neglected. The effect of the vertex and propagator corrections can, to a very good approximation, be absorbed in a redefinition of the Born-level parameters, such that the structure of the Born-level formulae is retained. This is the Improved or Effective Born Approximation as described in [6] [7] [8] .
Initial state purely QED corrections can be described by a radiator function ,.~ [9] , such that the observed cross section for e+e ---+ ff can be written as:
where 4r~} =zo<_z<l s and the invariant mass of the produced fermion-pair is given by s' = sz.
The term aSw is the Improved Born Approximation cross section for e+e -~ f f, which can be expressed in terms of the lineshape parameters in an (almost) model independent way, as a~ SFz2
is the pole cross section, defined in terms of the Z ~ mass Mz, total width Fz and the partial widths /~r and _Py for Z ~ -+ e+e -and Z ~ --+ ff ( f 7 (e) respectively. The term (1+3c~/47r) is a QED correction. It can be seen from equation (1) that the observed cross section involves a convolution of Jw(SZ) with the radiator function. A similar formula can be written for the case when selection criteria are applied to the final state muons or the photons produced. In addition, there is a small initial-final state radiation interference contribution to the cross section [6] .
Whereas calculations based on an analytic approach can be made for the total cross section (or for certain cuts on the final state fermions), the spectra of the produced photons can only be predicted, at present, by Monte Carlo methods. In this paper the generator DYMU3 [10] has been used. It can produce up to two photons from initial state radiation plus one from the final state. Full second order corrections are used for the initial state, and first order exponentiation in the final state. The total cross section predictions of DYMU3 and ZFITIER [8] are within 1% of each other.
Preliminaries to obtaining Z' limits
Despite the excellent performance of the SM so far, there is general agreement that it is not the 'final' theory. Attempts at unification theories generally predict additional neutral heavy gauge bosons Z', of mass Mz, larger than Mz. Many possible models have been discussed in the literature [11, 12] which modify the SM gauge group in different ways, leading to predictions of new particles. The models include compositeness and super-string inspired E6 models, the leftright (L-R) symmetric models and the Y and YL models.
A direct search for Z' boson decays to lepton pairs in ~p collisions has been made by the CDF collaboration [13] ; for the models considered the 95% confidence level limit is Mz, > 320 GeV. Limits on Z' parameters have also been obtained by combining previous LEP data and weak neutralcurrent, atomic-parity violation and Mw measurements [14] ; for most models the 90% C.L. limits on the mixing angle 0z, (defined by equation 4) are -0.01 < 0z, < 0.01 radians. These combined analyses in general take an indirect approach, where the data are used to obtain model independent quantities which are then compared to the predictions of Z' models. This analysis follows a more direct approach, as previously used by L3 [15] , where radiatively corrected cross sections and asymmetries are predicted for the Z' models allowing direct fits to be made to these observed quantities, so that limits can be placed on the parameters of the models. Fits of the data to the predictions of these models are discussed in Sect. 5.
The existence of a Z' would mean that the observed mass eigenstate at ,-~ 91 GeV needs to be considered as a mixture of the unmixed Z ~ and Z ~ predicting a shift in Mz fi'om its SM value [15, 16] , with the mixing described by a matrix using the mixing angle 0z, :
( cos0 sin0z (4) The angle 0z, is related to the mixed masses Mz and Mz,, and the light unmixed mass Mo as follows:
The mass Mo is related to the weak mixing angle and Mw in the SM expression:
v~ cos Ow where p is the usual electroweak parameter. The parametrisation used in the Y and Yr models differs from that of the E6 and L-R models, the mixing being described by A 2 Y,Y~.
[171. Figure 1 shows the deviations in the Born level hadronic and muon-pair cross sections predicted by several Z' models. The Z' masses used are close to the 95% C.L. lower limit values, derived in Sect. 5, with mixing parameter Oz, or )2 in the middle of the 95% C.L. allowed range for Y,YL the mass used. In the energy range near to the Z ~ pole position, the additional bosons' direct contributions to the cross sections are small. The deviations from SM expectations arise primarily from interference effects of the hypothesized bosons and the existing ones (7 and Z~ The pole region behaviour is influenced by the Z'-Z ~ interference amplitude, which changes sign at the pole, resulting in an enhancement of the cross section compared to the SM value around x/~ = Mz -2'z/2 and some reduction at energies larger than the pole energy. In the region currently accessible by direct or indirect means, the largest deviations occur in the E6(X) and Y models, with predicted muon-pair cross section values 8% lower than the 4. SM predictions in the region x/~ ,-~ 70 GeV arising due to 7 -Z' interference.
5.
3 Muon-pair events with detected photons
Event selection
A detailed description of the DELPHI detector can be found in [18] . In this analysis, the first stage in the procedure is the selection of the e+e ----+ #+#-final state, without any requirements or selection on the produced photons. This selection procedure is similar to that described in [3] . The analysed sample comes from all data taken by DELPHI up to and including the 1992 LEP run, corresponding to an integrated luminosity of 40.5 pb -t or ,-~ 1.1 9 106 Z 0 decays into hadrons and charged leptons. Events were retained if they satisfied the following selection criteria:
1. number of charged particles Nch satisfies 2 < NcA <_ 5. 2. the two highest momentum charged particles must have p > 20 GeV. 3. for the two highest momentum charged particles, the projection of the impact parameters in the plane transverse to the beam direction should be smaller than 1.5 cm, the longitudinal distances zl and z2 between the points of closest approach and the beamspot should be smaller than 4.5 cm, and I Zl -z2 l< 4.0 cm. For particles where the microvertex detector participated in the track fit the impact parameter cut is reduced to 0.4 cm. the two highest momentum charged particles are required to be in the polar angle range 20 ~ < 0 < 160 ~ . the two highest momentum charged particles are required to be identified as muons using either the muon chambers, the hadron calorimeter, or the electromagnetic calorimeters, as described in [3] .
Photon detection
Photons are detected using the HPC (High-density Projection Chamber, see [18] ) and FEMC (Forward ElectroMagnetic Calorimeter). The angular acceptances of these calorimeters are 43 ~ < 0 < 137 ~ for the HPC and 10 ~ < 0 < 36.5 ~ , 143.5 ~ < 0 < 170 ~ for the FEMC. Due to the amount of material before the electromagnetic calorimeters, about 40% of the photons convert before they reach the calorimeters, causing inefficiency and affecting the reconstructed energy.
If the conversion occurs before the tracking detector (TPC), the positrons and electrons produced give rise to tracks in the TPC and result in further showers in the electromagnetic calorimeters. Such a conversion results in an original single photon being seen as a 'wide shower' of energy deposits in the calorimeters. The energy observed in the calorimeters is less than that of the original photon due to energy loss between the conversion point and the calorimeter.
A simple clustering of energy deposits in the electromagnetic calorimeters is performed in which the energies are added together and the momentum of the 'photon' is obtained by adding the momentum vectors of the component deposits as seen from the interaction region. The clustering is performed if the momentum vectors are within 10 ~ of each other. The deposits are required to be further than 2 ~ from the nearest muon, to prevent inclusion of energy due to the muons.
Correcting observed F_,7 and c~u.y distributions
Distortions of the true physics distributions due to detector effects were considered to be split into energy smearing, efficiency and purity components. Simulated #+#-events generated using DYMU3 [10] and the full DELPHI simulation package were used to determine these quantities as functions of photon energy E.~ and the angle c~wr between the momentum vectors of the photon and the nearer muon. A technique of obtaining a photon detection efficiency entirely from the data was developed and was applied both to the data and to the simulation events; this was used as a cross-check of the efficiency from the detector simulation. The simulation detection efficiencies of the muons and of the photon in the same event were found to be uncorrelated.
Photon energy smearing, efficiency and purity
A correction representing the smearing effect of the calorimeters' energy reconstruction was obtained from the ratio of the generated and measured energy distributions for events with an observed isolated photon cluster, where the directions of the observed cluster and the generated photon are within 1 ~ The definition of an isolated photon cluster used here, and in subsequent discussion unless otherwise specified, was that awy > 5 ~ and E v > 2 GeV, the cuts being applied to the appropriate generated or reconstructed quantities. The effect of smearing was to shift the apparent energy by a factor of 1.10 for energies above 10 GeV, the correction dipping to 0.79 for the lowest energy bin of 2--4 GeV. The photon detection efficiency from the simulation, es, was defined as the fraction of events with a generated isolated photon, within the active acceptance of the calorimeters, in which an isolated photon cluster was reconstructed. The purity was defined as the fraction of events with observed isolated photon clusters that have one or more generated isolated photons. In obtaining the efficiency and purity as functions of photon energy E.~, the energy correction was initially applied to the observed photon energy distribution in order to obtain the efficiency and purity without the effects of energy smearing. No such correction was required for a~ as the observed and generated angles were found to be almost identical. For energies above 10 GeV, % was found to be approximately constant at 87% with purity greater than 98%. In the energy bin 4-6 GeV the efficiency dropped to 78% with purity down to 93%. As a function of ~.y, es was found to be constant at 77% within the range 15-100 ~ .
Efficiency from the data by kinematic reconstruction
The photon detection efficiency from the data, er, was determined using the kinematically predicted photon direction and energy obtained by assuming the final state topology #+#-7 (the reconstruction technique is described in Sect. 4.4.1) . This data efficiency was defined as the fraction of events predicted to have an isolated photon (au-y > 5 ~ E.~(predicted)> 10 GeV) within the active acceptance of the calorimeters that are found to have an isolated photon cluster close to the expected position. The criterion for a successful prediction was that the angle between the predicted and measured photon directions was less than 15 ~ . For photons of energy above 10 GeV the fraction of events satisfying this criterion was 93%. To attain a detection efficiency that can sensibly be compared to the efficiency from simulation it was first necessary to correct this efficiency to account for the effectiveness of the reconstruction. This reconstruction correction factor, obtained from the data, was defined as the fraction of events with observed isolated clusters (awy > 5 ~ E.y(meas)> 10 GeV) for which there is a successful prediction of photon position. The reconstruction correction factors as a function of a~.y were found to be approximately constant for au~ > 5 ~ at 0.90 from the data and 0.98 from simulation. Similar behaviour was observed as a function of E-~ with constant values of 0.84 from data and 0.98 from simulation for E.y > 15 GeV.
Applying these correction factors yields er(data) and er(sim) from data and simulation as a function of E.y and c~u.~. They all exhibited similar behaviour, rising from values as low as 50% in the lowest energy (2--4 GeV) and angle (5-10 ~ bins up to a plateau value for E.~ > 12 GeV and for au~ > 25 ~ The plateau value for e~(a~) was 84% for both data and simulation, whereas for er(En) the value was 80% from data and 83% from simulation. These compare with es(at~-r) of 77% and es(ET) of 87%, as described in Sect. 3.4. In the E~ case a ratio of er(data) and er(sim) was used as a correction factor to apply to the efficiency from simulation es; this yields a photon detection efficiency of 84%. An overall systematic error of 8% was assigned to the efficiency, based on the results of the above studies. The statistical errors on these efficiencies are significantly smaller than the estimated systematic error.
The data used encompass two significantly different high voltage settings for the HPC. No significant effect on the detection efficiency of isolated photons was observed due to this change.
Results on radiative #+#-events
The total number of #+#-events satisfying the selection criteria is 46561(Nu+u_ (7)), of which 1682 have isolated photons seen in the calorimeters. The energy and angular spectra of these isolated photons are given in Fig. 2 where the corrected data distributions are compared to the true distributions from simulation; the normalisation is to the number of #+#-events. The ratio of the number of events with isolated photons to the total for data and simulation is given in Table 1 .
There are no significant deviations between the energy and angular spectra obtained and the predictions of the DYMU3 simulation, at the present level of statistics and understanding of the systematics. The small deviation in the energy range 18-30 GeV is not considered to be significant. The results are in agreement with an analysis of radiative lepton events by the OPAL collaboration [19] ; the results here are based on 6 times higher statistics.
The reaction e+e ----+/z+/~ -with Mu~ < Mz
The bulk of the radiative effects on the cross section cr and asymmetry AF8 are due to initial state radiation; events with initial state photons can be considered to have an effective interaction energy below that of the Z ~ peak. The identification of muon-pair events with predominantly initial state radiation z allows these effects to be isolated, enabling the underlying Born cross section and asymmetry to be measured at reduced effective centre-of-mass energies x/~ or Muu; this provides the only way at present to probe the energy region between TRISTAN and LEP. It is possible to make a distinction between events with predominantly initial state photons or predominantly final 2 The distinction between initial and final state photons is, of course, not strictly valid in a quantum mechanical interpretation. However, this distinction is made in the DYMU3 generator and allows a simplified discussion Events with predominantly initial/final state radiation are termed ISR/FSR events. The definition of a generated ISR event is that the total energy of initial state photons is greater than 1 GeV and the total energy of any final state photons is less than 1 GeV. A generated event is classified as FSR if the total energy of final state photons is greater than 1 GeV.
The dominance of FSR events over ISR events, in the low mass region, is illustrated in Table 2 , where the distribution of ISR and FSR events in intervals of the #+iz-invariant mass,Muu, is shown. This FSR dominance adds to the difficulty of making a relatively pure selection of ISR events. High statistics are necessary for this study, due to the steeply falling energy spectra of initial state radiation (~ 1/E~) and also due to the very small relative cross section in this energy region.
ISR event selection procedure overview
Two approaches are taken to implement this selection:
A Cuts are applied to quantities affected by the presence of the photon, such as the acollinearity and acoplanarity of the event; and events with significant energy detected in the calorimeters are rejected. B The photon parameters are reconstructed from the measured muon parameters by means of a kinematic fit (using the constraints from energy-momentum conservation) assuming only one photon is produced; then cuts are applied to the photon parameters.
Approach A limits the kinematically allowed directions and energies of produced photons and thus its consequences are similar to approach B. The advantage of technique B is that it makes use of all available information allowing the effective centre-of-mass energy to be obtained with greater accuracy, as well as being the most direct technique once the photon parameters have been obtained. Technique A has the advantage of simplicity and for high energy photons (of energy greater than 10 GeV) equivalent results are expected. Both approaches have been pursued, allowing cross-checks to be made.
Selection of e+ e ---+ #+#-(7) events
Before the above selections can be made it is necessary to select muon-pair events, without biasing against radiative events. Clearly this requires a loose event selection, without the collinearity and high muon momenta cuts that are usually made in muon-pair analyses. This will result in higher backgrounds from e+e ----+ T+7 --and 2-photon reactions: e+e -~ e+e-#+# -, e+e ---~ e+e-T+'r -. However, as investigated in Sect. 4.6, the subsequent cuts to select e+e -~ p+p-('~) events (with predominantly initial state photons) result in very small tau-pair and 2-photon physics backgrounds.
The same selection as in Sect. 3.1 is used apart from the momentum cut which is loosened to the requirement that the highest momentum charged particle must have p > 12 GeV, and the second highest momentum charged particle must have p > 7 GeV.
Selection A: acollinearity and acoplanarity cuts
For p+/z-3, events, where the photon has energy > l0 GeV and momentum vector at a small angle to the beam direction, one expects a large acollinearity 0~r due to the large Lorentz boost of the rouen centre-of-mass system. Due to the small momentum component of the photon in the transverse plane, a small acoplanarity O~r is expected.
As the principal criteria of this selection are based on the angular cuts, the first step is an estimation of the quality of acollinearity/acoplanarity reconstruction. Studies of the differences between reconstructed and generated acollinearity/acoplanarity show that typical errors are 0.05 ~ This good angular resolution allows the angular cuts to be studied using the DYMU3 generated events not passed through the full detector simulation, thus allowing high statistics studies to be made.
Generator level study of angular cuts.
A total of 3.8-10 5 generated events was used (corresponding to approximately ten times higher statistics than the real p+#-events). As indicators of the effectiveness of the selection, an efficiency and contamination are defined by:
where Ni (Nf) is the total number of # § selected events where the highest energy photon is initial(final) state and 2, 5, 8, 11, 14 degrees , with an additional cut requiring the absence of photons with energy greater than 3 GeV in the acceptance of the electromagnetic calorimeters. The values of Si and 1 -Sf shown here are higher than can be achieved in practice, due to the effects of momentum smearing and photon detection inefficiency. The general behaviour of Si and Sf is found to be the same in all the mass intervals.
The angular cuts in the mass intervals are chosen so as to optimise Si, Sf and keep the ~-background negligibly small; large nc~t and 0 c~t result in Si, Sf close to their asymptotic
values. The cuts chosen in the various mass intervals are presented in Table 3 .
A sample of 5.6 9 l04 fully simulated rouen-pair events with high energy photons was produced by performing the simulation for events with rouen-pair invariant mass, at the generator level, of less than 84 GeV. Within this limited mass range the sample allows distributions equivalent to those obtainable from 8.9. l05 fully simulated rouen-pair events.
The angular and energy distributions of the radiated photon, after angular cuts have been applied, are presented in Fig. 5 for initial and final state photon events. It can be seen that the FSR classed events have 0-r in the approximate range 20-160 ~ . This arises due to the 20 ~ cut on the polar angle of the muons together with the small angles between the muon and final state photon directions. The structure in E. r arises from the restricted mass interval of Fig. 5 imposing an allowed range in photon energy of [10] [11] [12] [13] [14] [15] [16] GeV; the few events with E-r outside this band arise due to the presence of more than one significant photon in the event.
The FSR event dominance after the angular cuts demonstrates the necessity of a veto against events in which a hard photon is seen in the calorimeters for this selection. Details Oacop < The cuts are chosen to keep FSR contamination ~.-15% for large Muu; it is practically zero for small M,u.
Selection A criteria. The selection requires:
(1) The invariant mass of the muon-pair Muu < 80 GeV. ncut depending on the mass (2) The acollinearity angle > ~acol interval, as shown in Table 3 . 0 c~t depending on the mass (3) The acoplanarity angle < _~op interval. (4) No clusters in HPC and FEMC with energy greater than 3 GeV.
A "true initial state event" is defined as having ZET(i~itiaO > 1 GeV and ZET(yi,~at) < 1 GeV. After all the cuts the fraction of "true" ISR events that are selected is at the level of 70%. The FSR contamination ~ 15% for E-~ < 15 GeV and is small for more energetic photons.
Selection B." reconstructed unseen photon method
The first step is to reconstruct the unseen photon parameters from the muon momentum vectors and then devise a selection scheme based on these parameters. The angle of the photon to the beam direction is the principal quantity of use for the selection of events dominated by initial state photons.
Technique for reconstruction of unseen photons.
The assumption of three-body kinematics allows an unseen photon to be reconstructed by performing a one constraint kinematic fit using the parameters and full error matrices of the muons. The basic hypothesis is that only one photon is radiated in the event. Neglecting the small energy spread in the energies of the incident particles prior to radiating, there are For events with more than one photon, the comparison is made with the most energetic photon_ The shaded histogram indicates events with two photons, each of energy greater than 1 GeV 9 variables: 6 muon parameters 1/pl,Ol,C~l,1/p2,02,dP2 and 3 for the photon E~,07,r The kinematic fitting approach used is described in [20] . On completion of the fit the 3 photon parameters can be unambiguously calculated from the muon parameters, with energy-momentum conservation being satisfied after the fit. The )~2 obtained on completion of the fit provides an indicator that the assumption of a single radiated photon was correct; the resultant 3-vector for the photon was then used in subsequent analysis.
Other fits are also performed using the same approach as described above, but making different assumptions about the topology. The hypotheses tried and corresponding ~2 probabilities are:
(1) /z/z 7 (1 constraint fit), P (17) . (2) #/z with no photons produced (4 constraints), P(Oh'). (3) /z/z 7 where the single photon goes in the beam direction (3 constraints).
Performance of the reconstruction.
The performance of the reconstruction of the photon angles can be seen from Fig. 6 . The comparitively small number of events with two photons, each of energy greater than 1 GeV, shown in the shaded portion of Fig. 6 , indicates that the primary cause of poor photon reconstruction is the finite muon momentum resolution rather than events with two hard photons. Due to this there is a photon energy below which it is impossible to distinguish an event as having a photon or not. In order to remove soft photon events without imposing too severe an acollinearity cut (or equivalently a photon energy cut) that would limit the range of x/~ under study, the X 2 probability P(0"D is used. This probability indicates how consistent an event is with the hypothesis that no hard photons were produced. Figure 7 shows the consistency of the data events with the two hypotheses of either 1 photon produced or no photons. The small population in the region of high P(0"7) and (o) nil ff'/z-(h'l M < 86 GeV P (17) 0.6 0.8 1 " P(O~) . .. Fig. 7 . P(17) and P(07) are the X 2 probabilities from fits asSUlmng respectively that only 1 photon is produced and that no photons are produced.
Plot (a) (17) is because events with a low probability in the one photon fit cannot have a high probability in the more constrained zero photon fit. The "wall" of events at low P(07) contains the events of interest. Events with high energy photons in the mass range M m, < 86 GeV are selected by requiring P(07) _< 10 -2 and P(17) > 10 -2, thus ensuring accurate reconstruction of the unseen photon parameters. The ISR/FSR distinction is made by requiring that the reconstructed photon has an angle to the beam direction 0. r of less than 20 ~ and an angle to the nearer muon, c~u. r, of greater than 10~ also it is demanded that no electromagnetic clusters with energy greater than 3 GeV are present in the HPC or FEMC.
Obtaining the effective centre-of-mass energy. The per-
formance of the reconstruction and selection is shown in Fig. 8 , by comparison of the reconstructed and true photon energies. In 71% of the selected events the photon energy is reconstructed to within 1 GeV. However there is a tendency for events with a low energy photon or with no photon to have too high a reconstructed energy. The events with two hard photons, shaded in the figure, can be seen to constitute an overall impurity of ,-~ 6% within the selection.
As a cross-check of the energy reconstruction, the effective energy was calculated using the additional assumption that the photon direction is along the beam direction. This allows the photon energy to be calculated using energymomentum conservation and assuming zero mass for the muons: Simulation studies indicate that this V~; is somewhat closer to the true effective centre-of-mass energy than the ~ obtained from the fit once the selection of ISR events has been made.
Selection B criteria.
Using the X 2 probabilities of the fits assuming #+#% P(07), and assuming ##% P(17) and the reconstructed photon parameters, the selection is made as follows:
(1) Event should not be consistent with #+#-, having P(07) _< 10 .2 (2) For the ##7 fit, require P(17) _> 10 -2 (3) Angle between photon and beam direction 0-r _< 20 ~ (4) Angle between photon and nearer muon c~,-r > 10 ~ (5) No clusters in HPC and FEMC with energy greater than 3 GeV
The additional cut (5) results in a gain in the purity of 4% in the mass region above 85 GeV.
Comparison and cross-checks of the two selections.
High statistics generator studies have been used to test the effectiveness of the selections. To match the data, the DYMU3 generated muon parameters are smeared with 0 dependent errors on 6(l/p), and angular errors 60, 6q~ = 1 mrad. In performing the generator level studies the initial or final state character of the photons is known, allowing purities and efficiencies of the selections to be obtained; in addition high statistics can be used. Using the definition of "true initial state events" in Sect. 4.3.2, the efficiency and purity are defined as follows:
-Efficiency: the fraction of the "true initial state events" that are selected (assuming all such events occur within the #+#-preselection).
Purity: the fraction of the selected events that are "true initial state events". gen ~/s' (GeV) Fig. 10 . Asymmetry in bins of effective energy from selection B, for (a) data, (b) full simulation and (e) DYMU3 generated events after momentum smearing. The dashed curve is the Born approximation asymmetry, the solid curve corresponds to 80% of the Born approximation asymmetry, as explained in the text ~-, 10 Figure 9 shows the purity and efficiency as a function of x~ the effective energy v/s 7 for selection B. Selection B has a .~c higher efficiency than selection A. The purities are within 7-" 5% of each other, with selection B performing better at low +~-M~, and also at high mass where technique A cannot be "6" applied.
Backgrounds from r+r -and two-photon interactions
Due to the requirement of selecting muon-pair events without biasing against radiative events, a very loose ##(7) preselection is applied, resulting in a relatively large rr background within the preselection. However, on subsequently applying either of the initial state event selections A and B, this background is almost entirely removed. Simulation studies using ~ 93000 generated tan-pairs and ,-~ 1.3-105 generated muon-pairs, passed through the full detector simulation, lead to tau backgrounds of 0.32% in selection A and 0.64% in selection B, corresponding to less than one tan-pair event in each of the samples.
Possible backgrounds from 7-3' interactions, have been investigated using ~ 68000 generated e+e -~ e+e-#+# -events and ~ 10000 e+e -~ e+e-r+r -events, passed through the full detector simulation. The predicted e+e ---* e+e-#+# -backgrounds in selections A(B) were found to be ,-~ 3(2) events respectively, whereas less than 1 e+e ---~ e+e-r% --event was expected in the samples. The 7-'7 backgrounds were found to occur predominantly at low effective energies ~ < 40 GeV. No correction was applied to account for these small backgrounds.
Obtaining ~r(e+e ---+ #+#-) and AFB(e+e -~ #+#-)
As the number of ISR events is, to a good approximation, proportional to the cross section an indirect measurement of the Born cross section at v~ is obtained by scaling the SM expectation of the mean Born cross section in the energy range by the ratio of the number of events observed because of the difficulty of correcting for this background that it is important that a high purity selection is used.
In calculating the forward-backward asymmetry (defined in [3] ) for events which are far from being back-to-back, it is more satisfactory to deal with the angle made by the #+ or #-to the beam direction in the #+#-rest frame, 0* [21] . This is given by: cos0* -sin 1(02 -0I) sin 1(02 + 01) where 01 and 02 are the measured polar angles of #+ and/zin the laboratory frame. Thus the asymmetry can be obtained directly from the data, without recourse to comparisons between data and simulation.
High statistics generator level studies, as mentioned in the previous section with regard to testing the selection, are also used to test the method. Figure 10 and Table 4 show the muon-pair asymmetry obtained from data, from fully simulated Monte Carlo events and from 5.3.106 generated muonpair events, momentum smeared and then reconstructed, using selection B. The dashed curve is the Born asymmetry and the solid curve is 80% of the Born asymmetry.
As the impurity events (final state photon or no hard photon events) have an effective energy on the peak (where the asymmetry is close to zero), their effect on the asymmetry is to make it less negative. For an impurity of ~ 20% one would expect an asymmetry of ~ 80% of the Born asymmetry; this expected behaviour is exhibited in Fig. 10 with the points closely following the solid 80% Born asymmetry curve.
Results
Up to and including the LEP run of 1992, corresponding to 46561 selected muon-pairs, a total of 76 (90) . Curves corresponding to 95% confidence limits, dividing the M z, -0 Z, plane into allowed and excluded regions; for Mt = 150 GeV and MH = 60,300, 1000 GeV; all masses are in GeV and angles in radians the data and simulation using selection A, and the calculated cross sections are presented in Table 5 . The mass region above 80 GeV is also probed by selection B. The results are presented in Table 5 , and Fig. 11 . Studies of the effect on the results of using three different techniques to reconstruct the effective energy were made. The techniques used were the Muu calculated from the measured muon parameters, the effective energy obtained from the fit assuming a ##7 topology, and also the energy calculated assuming a single initial state photon to be travelling in the beam direction. The resulting variations in the cross section were less than 20%.
All the measured cross sections ( Fig. 11 and Table 5 ) and the measured asymmetries ( Fig. 10 (a) and Table 4 were introduced in Sect. 2.1. In this section we compare predictions of the effects of Z' in several models to the observations, as a function of the parameters of the models. In this way we put limits on these parameters. The extended gauge models considered are:
E6 model [22] : This is a superstring-inspired model. Different mixing regimes of Z r to fermions were considered, with (~6 = 0, re/2 and -arctan ~ defining the E6(X), E6(~b) and E6(r/) models respectively. L-R model [23] : Left-right symmetric models include a right-handed SU(2)R extension to the Standard Model gauge group SU(2)L | U(1). The parameter aL-R describes the couplings of the heavy bosons to fermions, and it can be expressed in terms of the SU (2) Y model [12, 17] : Compositeness-inspired model extending the SM gauge group with U(1)B-L.
YL model [12, 17] : Compositeness-inspired model where the gauge boson associated with an additional group is coupled to the left component of the hypercharge current only.
E6 and L-R models
The effects of Z ~ for the L-R and E6 models on the cross sections and asymmetries were calculated using an addition to the ZFITTER (version 4.5) [8] program, called ZEFIT (version 3.1) [16] that provides radiatively corrected cross sections and asymmetries, optionally with cuts applied, for the processes e+e ---, l+l -and e+e -~ hadrons. The calculation used the input parameters: Z ~ mass Mz, top quark mass Mr, Higgs mass MH, and the strong coupling constant at the Z ~ pole c~s, together with additional parameters due to the Z~: Mz, and the mixing angle Oz,.
The data used for the fits were the measurements from 1990 to 1992 of the hadronic cross section and leptonic cross sections and asymmetries for the three flavours, reported in [3] . In addition, the e+e -~ #+#-cross section measurements in the energy range GeV from the data collected up to and including 1992, as obtained in Sect.4.8 using selection B, were also used. Equivalent results were obtained from fits performed to data using selection A. It was found that the contribution of the low energy cross section measurements to the determination of the models' parameters was small for the E6 and L-R models, the X 2 contours only changing slightly with the addition of these data.
To reduce the number of parameters, c~s was fixed at the value determined by the DELPHI experiment [24] of c~s = 0.123, and the fits were performed for a series of top quark and Higgs boson masses, Mt = 100, 150,200 GeV and MH = 60,300, 1000 GeV. A X 2 was formed comparing the measured and predicted values of the cross sections and asymmetries. A full covariance matrix treatment of the errors was performed for the on-peak data, with complete account being taken of the LEP energy uncertainties and their pointto-point correlations. As the standard Z ~ mass changes due to the presence of Z ~, Mz was left free in the fit, along with the mass and mixing angle of Z ~.
The Z ~ mass resulting from the fits was found to deviate from the SM fit result (assuming no Z t) by less than 0.004 GeV. For each fit the 95% C.L. allowed region in the Mz,,0z, plane was obtained as the region where X 2 < X~n +5.99. The results of the fits are presented in Table 6 for Mt = 150 GeV and MH = 300 GeV. The 95% C.L. allowed ranges of Oz, are given, and also the lower limits of Mz, for both Oz, = 0, as well as for any Oz,. Comparing the results, we observe that no discrimination between models can be made on the basis of the X 2, all models giving an acceptable value.
The results for other values of Mt and M~ can be seen on the contour plots of Figures 12 and 13 . The effect of varying the value of a~ in the range a~ = 0.118 to 0.128 was found to be small, resulting in a shift in the 95% C.L. 
Y and YL models
The measurements used in the fits are as described in the previous section, apart from the hadronic cross section measurements, which are excluded due to a limitation of the software package available. All the observed cross sections, with the effects of cuts present, are corrected to be Born level values without cuts, using the SM predictions of ZFITI'ER without Z ~ present. An analogous approach to the previous section is used to obtain limits on the additional parameters in these models. The effects of Z ~ on the cross section for the Y and YL models were calculated in terms of the parameters Mz,, the effective coupling A 2 and Mz, for a series of values Y,YL of Mt, Mzr and c~s. The Z mass resulting from the fits is found to deviate from the SM fit result (assuming no Z') by about 0.014 GeV for the YL model. This relatively large deviation compared to the present error on Mz occurs due to the hadronic cross section data not being used in this fit. For the YL model the inclusion of the low energy cross section measurements was found to significantly change the 95% C.L. contour, for example increasing the Mz, limit at )2 = 0.3 from 1210 to 1350 GeV and reducing the A 2 YL YL limit at Mz, = 1200 GeV from 0.25 to 0.22. There was only a small improvement in the limits for the Y model. The results are shown in Table 6 and Fig. 14. Both these models yield an acceptable X 2. The 95% C.L. contours show little dependence on the value of Mr.
Conclusion
The differential cross sections of final state photons as a function of photon energy and of the angle between the photon and the muon are found to conform to Standard Model expectations.
The cross section measurements below the Z ~ in the energy range 17-86 GeV, for the process e § ----+ # § agree with Standard Model expectations. There are no statistically significant deviations throughout the energy range. The previous cross section measurement in this energy region made by the OPAL collaboration [19] is repeated with 6 times higher statistics.
These measurements, together with the DELPHI cross section and asymmetry measurements at the LEP energies There is no indication of the existence of a Zq the mixing angle 0z, is consistent with zero for all models. The limits on 0z, for the E6 and L-R models, are consistent with and extend the limits set by L3 [15] and by the indirect studies [14] . In most cases the 95% confidence level limits on 0z, are almost symmetric about zero with 10z , I < 0.009. The mass limits for the Y and YL models are considerably improved over the existing limit of Mz, > 250 GeV [25] to Mz, > 847 and 988 GeV respectively.
